of which is finite. Therefore the same statement applies to the L i9 and hence F n+1 is finite. COROLLARY 
Every variety of implicative semi-lattices is generated by its finite sub-directly irreducible members.
COROLLARY 2 3. // / is a homomorphism of an implicative semilattice L onto a finite implicative semi-lattice M, then there exists U ^8L such that f\U is an isomorphism. COROLLARY 
The lattice of all varieties of implicative semilattices is itself implicative.

COROLLARY 2.5. If L is a finite subdirectly irreducible implicative semi-lattice, then the class of all those implicative semilattices which do not contain a sub-implicative semi-lattice isomorphic to L is a variety.
3* Coordinates of varieties* In this section, A will denote a subdirectly irreducible implicative semi-lattice. Also the term "algebra" will be used in place of "implicative semi-lattice". Let ^ denote the variety generated by C n , the n chain, and & n denote the variety generated by B n , where B n is the Boolean algebra with n atoms. Let ^ denote the variety of all algebras which do not have n + 1 chains as subalgebras, and similarly let ϋζ denote the variety of all algebras which do not have sub-algebras isomorphic to B n+ι . (Throughout n and m will denote natural numbers.) Let Proof. Assume the contrary, and let n be the least integer for which there is an m such that V n , m has an infinite subdirectly irreducible algebra, A. Now A is unbounded, since if A were bounded, the dense filter of A would be an infinite subdirectly irreducible algebra in V»_i fm . This reasoning also shows that any principal filter of A is bounded in size by the bound of Lemma 3.1, and this in turn implies that A is bounded, which establishes a contradiction. (i) V has only finitely many subvarieties.
(ii) V is generated by a finite algebra.
(iii) V has coordinates n, m for some natural numbers n and m.
In order for A to be in V 4 , 2 , the closed algebra of A must be B λ or B 2 , and the dense filter of A must be B 2 , C 2 or C 3 . In [6] a method is given for constructing all algebras having a given closed algebra and a given dense filter. We omit the details, but using this process one finds that the subdirectly irreducible members of V 4 , 2 -W 4 , 2 are those shown in Figure 1 . Figure 2 , where the numbers beside a point in the lattice correspond to the indices of the algebras which generate that variety.
For n ^ 4 and m <, It was shown in [5] that BX7 D is a subalgebra of L if B is fixed with respect to D and 2) is total with respect to B. Proof. First, consider the case where L is bounded. If the dense filter of L is not a chain, then it contains B 2 as a subalgebra, and thus L 3 ^SL.
Hence, we may assume that the dense filter of L is a chain. If the closed algebra of L is simple, then L is also a chain. Therefore we may assume that the closed algebra of L contains a subalgebra {1, b, b', 0}, where V is the complement of b in the closed algebra. Now either 6*cί = 1 for every dense element d, or there is * , »n) = 1 holds in L. If this is not the case we say that g fails in L. We let V(g) denote the variety of all implicative semi-lattices in which g holds. We are interested here only in subdirectly irreducible implicative semi-lattices, and we let u denote the dual atom in any such algebra. If there exist elements a ί9 • >,a n eL such that g(a ί9 •• ,α n ) = u, then we say that g %-fails in L. If g %-fails in every subdirectly irreducible algebra in which it fails, then we say that g has property U.
We let a + δ denote the psuedo-join (see [7] ) of the elements a and δ(i.e. a + b = ((α*δ)*δ) Λ ((δ*α)*α))
In general this is not an associative operation, and when not indicated otherwise, we intend for the grouping to be to the left (i.e. a + δ + c = (a + δ) + c). If a and δ are comparable elements, then a + δ is the larger of the two. LEMMA 
// a t ^ c^ for i = 2,
, n, then a x + α 2 + + a n = a x . Proof. By [2, Lemma 4.1] any subdirecly irreducible member, Proof. Let a l9 « ,α Λ+1 be the atoms of B n+1 . Then α^** = αi and α,***α y ** < 1 if i ^ i. Thus P^fe, , a n+1 , u) = w. Hence V(P n ) S Suppose now that L is any subdirectly irreducible member of and that P n {a u , α %+2 ) < 1 in I/. Then αf *, , αj*! are pairwise incomparable closed elements in the principal filter generated by a λ A • •• Λ α»+i. Thus JB Λ+ i ^SL, a contradiction. Hence P w holds in L.
In [8] terms were given which characterize the varieties <g^ and ". Denote these terms by q n and r n , respectively. It is easy to see that q n and r n have property U. We now turn our attention to the varieties of the interval [W if2 F 4 , 2 ]-First we shall give an indexed list of identities which can be used to describe these varieties. Note that for a term t, t* is as defined in Theorem 4.6. 
In some cases the identities given can be simplified somewhat, but these were chosen for convenience in presentation.
Proof. The proof amounts to showing that each of the indexed polynomials g is valid in the corresponding variety of the diagram of figure 2 and its subvarieties, and that it fails elsewhere in the diagram. Note that each of these identities has property U. We shall establish the validity of three of the more complicated identities only.
(1) g ί2 holds in L x and L 2 , but fails in L 3 : If g 12 (a u , α 4 ) < 1 in L lf then α x and α 2 are incomparable and (α x Λ α 2 )* = 1, a contradiction.
If g 12 (a lf , α 4 ) < 1 in L 2 , then we must have {a l9 a 2 ) = {a, b) and di A a 2 Λ α 3 -0. However, α***α -1 then yields a contradiction.
In 
